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ABSTRACT: We directly compute, for the first time, a confining “tube” potential acting on a flexible or
semiflexible polymer chain entangled with like chains using equilibrium molecular dynamics simulations and
compare these results to the conventional tube diameter inferred from the plateau in the time-dependent relaxation
modulusG(t) and to an apparent tube diameter inferred from the crossover timeτe from t1/2 to t1/4 scaling in the
time-dependent monomer diffusivityg2(t). We find that the “narrow” tube diameter obtained at the equilibration
time τe, where the monomer first “feels” that it is in a tube, widens with time as the tube potential softens and
develops a nonquadratic tail. Our results help explain why the value of the entanglement spacing inferred by
measurements at time scaleτe is only half the conventional value obtained by measurements of the plateau modulus
in the vicinity of the Rouse timeτR.

I. Introduction

The molecular weight dependence of the zero-shear viscosity
of linear polymer melts,η0(M), shows two distinctive regimes,1

separated by a critical molecular weight,MC. A linear regime,
η0(M) ∝ M, is found at low molecular weights,M < MC, where
polymers behave as unentangled molecules in a viscous medium.
In this regime, intermolecular interactions only serve to screen
hydrodynamic interactions and chain expansion from intrachain
excluded-volume interactions. The dynamics of polymer mol-
ecules in this regime are well described by the Rouse model.2

A power law regime,η0(M) ∝ M3.4, is found at high molecular
weights,M > MC, where intermolecular interactions impose
persistent topological constraints on neighboring molecules. The
dynamics in this regime are generally successfully predicted
by the tube model of de Gennes and Doi and Edwards,2,3 which
assumes that motion of a high-molecular-weight polymer is
confined to a tubelike region, along which it meanders in a
motion called reptation.

Beyond the parameters needed to define the Rouse model,
the tube theory introduces only one additional parameter, the
entanglement molecular weightMe or the number of monomers
between entanglementsNe ) Me/M0, whereM0 is the monomer
molecular weight.Me is usually 2-5 times smaller thanMC.4

The tube theory assumes thatNe is uniquely specified, while
experiments and simulations have given estimates that can vary
by a factor of 2 depending on the definition used. Most
commonly, Ne is estimated from the “plateau modulus”GN

0

through the standard formula2

whereF is the monomer number density,kB is the Boltzmann
constant, andT is the temperature. The plateau modulus is the
value of the relaxation modulus over a time range for which
the modulus is nearly time independent following a small step
deformation. The value ofNe obtained from eq 1 has been
confirmed by neutron spin-echo measurements of the relaxation
of the dynamic structure factor for polyethylene over a time
range similar to that over which the plateau modulus is
measured.5 Using the tube model, a different measure of

entanglement,N′e, can be estimated from the equilibration
time, τe, at which the average monomer diffusivity relative to
the center of mass of the chain crosses over from a Rouse-like
regime,g2(t) ∝ t1/2, to an entanglement regime,g2(t) ∝ t1/4, or
yet another measureN′′e is obtained from the longest Rouse
time τR, which is the time at whichg2(t) crosses over fromg2(t)
∝ t1/4 to g2(t) ∝ t1/2. The value ofN′e obtained fromτe was
found to beN′e ≈ 32 in simulations of melts of flexible pearl
necklace chains by Pu¨tz et al.6 However, for the same pearl
necklace chains, this value ofN′e is about a factor of 2 smaller
thanNe obtained using eq 1 in simulations of relaxation after
step strains. Alternatively, yet another estimate,Ne

P, can be
obtained from the average length of the primitive paths
computed using a “cooling method” described by Everaers et
al.7 in which the ends of all pearl necklace chains are held fixed
and beads along the same chain are allowed to overlap each
other but not penetrate beads on other chains. As the temperature
is decreased, the spring energy causes the chains to give up
their internal slack and collapse onto the shortest paths that
preserve the constraints of noncrossability with other chains.
These shortest paths are considered to be the primitive paths,
and their average length can be used to obtainNe

P. In this way,
Everaers et al.7-9 validated eq 1 but with aNe

P ≈ 65 for the
same flexible pearl necklace polymer chains discussed above,
for which N′e ) 32. Finally, GN

0 was calculated from a stress
autocorrelation function in equilibrium molecular dynamics
simulations by Sen et al.,10 which gave a value ofNe, using
formula 1, that was about half ofNe

P obtained by Everaers.
However, the chains simulated by Sen et al. contained only 120
or fewer beads, which are too short to obtain a reliable stress
plateau from which to obtainNe. These differences in entangle-
ment spacing are evidently due to different ways of defining
what a “tube” is and the time scale over which it is defined.
Since the value of the entanglement spacing is such an important
parameter in rheological models of entangled polymers, it is
important to obtain a thorough understanding of the relationship
between its value and the measurement method used.

In this work, we study this problem using extensive equilib-
rium molecular dynamics simulations of semiflexible polymer
chains with up to 8.7 entanglements each estimated usingNe

P

obtained from a primitive path analysis. This polymer chain
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length, N ) 200, is roughly the longest length currently
affordable in molecular dynamics (MD) simulations of the
dynamics of entangled polymer melts out to their longest
relaxation times. The rest of the paper is organized as follows:
we describe the polymer model in section II, section III covers
the shear relaxation modulus, section IV calculatesN′e andN′′e
through monomer diffusion studies, section V describes the
confining potential of the tube, and we then summarize and
conclude in section VI.

II. Polymer Model

In this work, polymers are represented by beads connected
by short springs as in the model of Kremer and Grest.11

Excluded-volume interactions are included through a repulsive
Lennard-Jones potential:

where the cutoff distancerc ) x2σ is chosen so that only the
repulsive part of the Lennard-Jones potential is used.σ andτ0

) (mσ2/ε)1/2 set the length and time scales, respectively, where
m is the bead mass,ε ) kBT.

A finitely extensible nonlinear elastic (FENE) potential is used
here for the spring:

The spring is made short and stiff enough so that there is not
enough room between connected beads for another bead to pass
between them. Thus, chain crossing is disallowed. We take the
spring constant to bek ) 30ε/σ2, and the maximum length of
the spring to beR0 ) 1.5σ.11

In addition, a three-bead bending potential is applied:12

wherekθ is the bending stiffness, and cosθi ) (r̂ i - r̂ i-1)‚(r̂ i+1

- r̂ i), with (r̂ i - r̂ i-1) the unit vector pointing from beadi - 1
to bead i. In this work, we usekθ ) 2, which leads to a
semiflexible polymer with a packing length 0.36σ and a
characteristic ratio (proportional to chain stiffness) ofC∞ ) 3.4,
while a standard flexible polymer,kθ ) 0, has a packing length
0.68σ andC∞ ) 1.75. The packing length is defined asp ) (N
- 1)/(F〈R2〉), where〈R2〉 is the average end-to-end extension.
Primitive path analyses yield values ofNe

P ) 65 and 23 for the
above flexible and semiflexible polymer melts, respectively.7

The use of a semiflexible polymer chain therefore allows us to
explore more densely entangled polymer melts than is possible
with flexible ones at the same computational expense.

In our MD simulation, we integrate an equation of motion,
namely

wherer i is the position vector for beadi, and the potentialU is
comprised of the pairwise Lennard-Jones potential, the FENE
potential, and the three-body bending potential given above. The
segment number density is here set atF ) 0.85σ-3. The average
monomer length is〈l2〉1/2 ) 0.97σ and the statistical segment
length b ) 1.83(5)σ. In our study of monomer diffusion, we
perform constant NVT simulations, where the periodic cubic
simulation box is coupled with a thermostat through a random

force term,W i(t), and a dissipation term,Γr3 i. W i is a Gaussian
white noise, which is related to the friction coefficient,Γ, by
〈W i(t)‚W j(t′)〉 ) δijδ(t - t′)6kBTΓ. The temperature is kept at
aroundT ) ε/kB during the simulations, andΓ ) 0.5m/τ0. To
obtain the shear relaxation modulus, we carry out constant NVE
simulations in a microcanonical ensemble imposed by setting
Γ ) 0. The velocity-Verlet method is used in the integration
with a time step size of∆t ) 0.01 in constant NVT simulations,
while ∆t ) 0.005 is used for constant NVE simulations in order
to conserve total energy within 0.5% during the whole simula-
tion.

III. Shear Relaxation Modulus

The linear viscoelastic properties of entangled polymer melts
are captured in the shear relaxation modulus,G(t), which can
be obtained by measuring shear stress as a function of time
after a small step-shear is imposed on a sample:G(t) ) σxy(t)/
γ0, whereσxy is the shear stress andγ0 is the step shear strain.
Straightforward as it appears to be,G(t) is very hard to obtain
in this way in an MD simulation because it demands a very
large polymer sample or large number of runs to obtain a
statistically convergedG(t).

In equilibrium molecular dynamics simulation, however,G(t)
can be obtained instead through the stress autocorrelation
function:

whereV is the volume of the simulation box, andσxy is the
shear stress defined as follows:

whereM is the number of chains andN is the number of beads
per chain;VRi is theR component of the velocity of beadi. rij

is the connection vector pointing from the position of beadi to
that of j, and|rij| is the distance between beadi and beadj. Uij

is the overall potential involving both beadi and j. Four chain
lengths are studied here, listed in Table 1:N ) 25, 50, 100,
and 200, with the number of entanglements per chain ranging
from ZP ) N/Ne

P ) 1.09 to 8.70, withNe
P estimated using

primitive path analysis. These polymer samples are prepared
through the slow push-off method of Auhl et al.,12 followed by
a full MD simulation out to 5× 105τ0. After this, an MD
simulation is performed for a time up to 106τ0 so thatG(t) is
converged at large correlation times. The number of chains,M,
is chosen so that the simulation box has a side length greater
than the average end-to-end extension of the polymer chains.

A running average is performed, following Sen et al.,10

between 0.9t and 1.1t for each value oft. Additionally, we
averaged together the three equivalent components of the shear
stresses,τxy, τxz, andτyz. Figure 1 shows the shear relaxation
moduli for four different polymer chain lengths. All of the

Table 1. System Sizes Studieda

M × N 100× 25 50× 50 100× 100 120× 200
ZP 1.09 2.17 4.35 8.70

x〈R2〉/L 0.62 0.89 0.79 0.84

T(τ0) 3 × 105 5 × 105 7 × 105 1 × 106

a M is the number of chains,N is the number of beads per chain,ZP is
the number of entanglements per chain, estimated usingNe

P ) 23, L is the
side length of the simulation box,〈R2〉 is the average end-to-end extension
of the chains, andT is the total simulation time performed in the equilibrium
molecular dynamics simulation.

G(t) ) (kBT)-1V〈σxy(t + t0)σxy(t0)〉 (3)

σRâ )
1

V[-∑
i)1

MN

VRiVâi +
1

2
∑
i,j)1

MN rRij râij

|rij|
dUij

drij
] (4)

ULJ(r) ) {4ε{(σ/r)12 - (σ/r)6 + 1
4}, r e rc

0, r g rc

UFENE(r) ) {-0.5kR0
2 ln(1 - (r/R0)

2), r e R0

∞, r g R0

Ubend(r) ) kθ(1 - cosθ)

r1i ) -∇U - Γr3 i + W i(t) (2)
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moduli show a Rouse scaling regime,t1/2, at early stages of the
relaxation,t < 100τ0. As the chain length increases, the decay
of G(t) slows down dramatically at long times, which indicates
a strong entanglement effect; however, even at a chain length
of 8.70 entanglements, there is no clear-cut plateau inG(t).
Depending on what point along theG(t) curve we take as the
“plateau” modulus, the value ofNe will differ dramatically. For
instance,G(1800τ0) ) 0.0523εσ-3 givesNe ) 13 using eq 1,
while G(18000τ0) ) 0.0287εσ-3 yieldsNe ) 26.7. In Figure 1,
we also compare our simulation results with data for experi-
mental nearly monodisperse polystyrene melts with molecular
weights 28 900, 58 700, and 167 000, corresponding respectively
to 2.17, 4.41, and 8.49 entanglements withMe ) 13 309 for
polystyrene, which are listed in Table 2. Storage and loss moduli,
G′ andG′′, are taken from Onogi et al.13 To convert these to
the time-dependent relaxation moduliG(t), the data are then
fitted by adjusting 10 sets of relaxation parametersgi,τi using
the simulated annealing method14,15 to the following empirical
formulas:

G(t) is then constructed from these sets of relaxation parameters
using

The results, plotted in the inset of Figure 1, are qualitatively
similar to our simulation results. A slowdown in the decay of
G(t) follows the initial Rouse relaxation, and no obvious plateau

is found even atZ ) 8.49. The chain lengths covered in these
simulations are representative of those typically used in the MD
studies of entangled polymer melts. Although the slowdown in
the decay ofG(t) indicates a strong entanglement effect, these
polymer lengths are not long enough to reveal a true plateau
modulus, the appearance of which is an indication of a fully
entangled polymer melt. As discussed in the following, the
continuous decrease inG(t) for this polymer chain length occurs
in part because the polymer has not yet fully explored its tube
as it relaxes.

IV. Monomer Diffusion

According to the tube theory, the mean-square monomer
displacement relative to the center of mass of the chain,g2(t)
) 〈(r i,t - Rt - r i,0 + R0)2〉, shows distinctive power laws for
various time regimes. Using the notation of Pu¨tz et al.,6 these
regimes are described by

where an average is taken over five center beads of the chain,
r is the monomer position,R is the center of mass of the chain,

W ) kBT/úb2, dT ∝ xR2(N′e) is the tube diameter,R2(N) is
mean-square end-to-end separation of the ends of a chain
composed ofN monomers,ú is the bead friction coefficient,b
is the statistical segment length,τR is the Rouse time for
relaxation along the primitive path, andτd is the disengagement
or reptation time for the chain to escape the tube. From the
tube model, we obtainτe ) (N′e)2/3π2W, τR ) (Z′)2τe, andτd )
3Z′τR, where the number of entanglements per chain isZ′ ) N/
N′e with N the number of monomers in the chain. The first
transition fromg2(t) ∝ t1/2 to g2(t) ∝ t1/4 reveals the existence
of the tube, as shown by Kremer et al.16 in MD simulations of
flexible pearl necklace chains. The second transition fromg2(t)
∝ t1/4 back tog2(t) ∝ t1/2 identifies the Rouse time and has not
yet been shown in MD simulations. According to Pu¨tz et al.,
flexible pearl necklace polymer chains of lengthN ) 350 are
too short to capture a clear secondg2(t) ∝ t1/2 regime before a
third transition tog2(t) ∝ t0 occurs at the crossover to reptative
motion. However, ifN′′e were as low as 32 withN ) 350, then
the second regimeg2(t) ∝ t1/2 would theoretically extend for
more than 3 decades and could be captured by calculations of
g2(t).

Here we carry out simulations of semiflexible chain with two
lengths,N ) 150 and 300, which correspond toZ′′ ≈ ZP ≡ N/
Ne

P ) 6.5 and 13 entanglements, respectively. Polymer samples
were equilibrated using the slow push-off method of Auhl et
al.,12 followed by full MD relaxation for a time duration of 106τ0.
Internal configurations at all length scales were then checked
against those of Auhl et al.12 Thereafter, simulations were carried
out for a time period of 2× 106τ0 to study the diffusion process.
Figure 2 shows the mean-square monomer displacement with
respect to center of mass,g2(t), averaged over the center five
beads. The first transition fromg2(t) ∝ t1/2 to g2(t) ∝ t1/4 is clearly
captured by both the short and long chains. Also captured by
the short chain simulation (open circles) is the crossover to the

Figure 1. Shear relaxation moduli from equilibrium molecular
dynamics simulations of semiflexible chains and from experimental
data (inset) of Onogi et al.13

Table 2. Polystyrene Melts from Onogi et al.13a'

Mw Z

L14 28 900 2.17
L16 58 700 4.41
L37 167 000 8.49

a Mw is the polystyrene molecular weight, andZ is the number of
entanglements per chain, estimated usingMe ) 13 309.

G′(ω) ) ∑
i)1

10

gi

ω2τi
2

1 + ω2τi
2

G′′(ω) ) ∑
i)1

10

gi

ωτi

1 + ω2τi
2

(5)

G(t) ) ∑
i)1

10

gi exp(-t/τi) (6)

g2(t) ) {2b2(Wt)1/2, t < τe

x2
3

bdT(Wt)1/4, τe e t e τR

x2 bdT(Wt)1/2/N1/2, τR e t e τd

RG
2(N), t g τd

(7)
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free diffusion region,t > τd, whereg2(t) reaches a plateau. Prior
to the plateau, a small upward deviation fromg2(t) ∝ t1/4 scaling
also appears in the short-chain simulations. For the long chain
(filled symbols), all three power-law regions are clearly captured,
although the final crossover to the free-diffusion plateau is not
reached in the time scale of the simulation. The first crossover
point fromg2(t) ∝ t1/2 to g2(t) ∝ t1/4 yields an estimate ofτe )
1800( 100τ0 at the transition. The fitted line shown in Figure
2 for the first region isg2(t) ) 0.447(5)σ2(t/τ0)1/2. Following
the procedure of Pu¨tz et al., one getsN′e ) 14 ( 2 using the
value ofτe obtained at the crossover point from this regime to
thet1/4 regime. However, from primitive paths identified by the
cooling method, we obtain the estimateNe

P ) 23 ( 2 for
semiflexible chains of this packing length, which is consistent
with the estimate obtained fromGN

0.7 This plateau is reached
after a small step strain, according to tube theory, at a time on
the order ofτR. From the second transition ing2(t) from t1/4 to
t1/2, we estimateτR ) (2.2( 0.2)× 105τ0. Therefore, according
to the tube theory,Z′′ ) xτR/τe ≈ 11, which yieldsN′′e ) 27 (
2, about twice as large as the value inferred from the first
crossover time. This confirms that a polymer chain is exploring
a more restricted region of space at the first crossover point
(where N′e ≈ 14) than at the second, whereN′′e ≈ 27. The
reasons for this, we believe, are twofold: first, a polymer is
confined in a “soft” tube, in which at times in the vicinity ofτe

the chain continuously explores a larger and larger “tube”
diameter rather than a fixed tube diameter as is assumed in the
standard tube model. Second, the chain lengths that are currently
studied are still not long enough to be well entangled. Short-
chain-length effects, such as constraint release and primitive
path fluctuations, can affect the polymer dynamics dramatically
for short chains. We will explore these in detail in the following
section.

V. Confining Potential of the Tube and Constraint
Release

To determine the effective confining potential of the tube,
we performed direct tube sampling (DTS) with standard flexible
polymer chains of 350 monomers. Starting with an equilibrated
polymer sample, MD simulations were performed with all the
chain ends fixed, which quenches reptation motion and thermal
constraint release as well as low-frequency Rouse motions and
hence freezes the entanglement network. Polymer chains then
only experience high-frequency Rouse motions by which each
polymer chain samples the accessible configurations subject to
the constraints that it does not cross the other chains or move

its ends. We carried out one DTS simulation for a time of 1.5
× 105τ0 in a simulation box of 200 chains and then repeated
the simulation with the same initial equilibrated polymer sample
as a starting point but with a different seed for the random
number generator. A total number of 30 repeat simulations were
performed with the same starting configuration. During DTS,
we collected the coordinates of all polymer chains after each
time interval of 600τ0 until 250 of time intervals were sampled
for each simulation box. Therefore, for eachN-bead chain, we
constructed a sampled configuration space ofTt ) 250× 30×
N bead coordinates.

Two cooling methods, energy minimization7 and length
minimization,17 were used to identify the primitive paths with
chain ends fixed for the same equilibrated initial configuration.
One should be cautious about these primitive paths from
the cooling methods in that they are but two of multiple
methods7,17-19 that have been suggested for computing “primi-
tive paths”, and the “true” or best method has not yet been
identified. The width of the distribution of these primitive path
lengths depends on how the system is cooled,17 although,
fortunately, the average lengths of these paths are almost
identical for the two cooling methods used here. Furthermore,
the paths are typically similar to each other and not far away
from the centerline of the configuration space consisting of all
possible configurations a polymer chain can take with ends of
all chains fixed. Figure 3 shows a randomly selected primitive
path from energy minimization (PPE, black line), and one from
length minimization (PPL, white line), as well as the “cloud”
of sampled chain configurations for a typical polymer chain.
This “cloud” of sampling chains is quantified by sampling bead
density as follows: The simulation box is first subdivided into
120 × 120 × 120 equal-sized cells, and the sampled bead
coordinates for each chain are assigned to the cells according
to their locations. We then count the number of beads,n, in
each cell and define the bead density for that cell asn/Tt. The
resulting density isosurfaces, as plotted in Figure 3, represent
the “confining tube”. Note that the primitive paths, both PPE
and PPL, are good approximations to the centerline of the
confining tube, since they run roughly along the center of the
tube defined by the isodensity surfaces. Figure 4 shows the
correlation of PPE and PPL averaged over all chains in the
simulation box, whererE(s) ) RE(s) - RE(0), rL(s) ) RL(s) -
RL(0), andRE(s) andRL(s) are the PPE and PPL coordinates,
respectively, at the curvilinear positions, which ranges from 0
at one end of the path to 1 at the other end. On average, these
two primitive paths are closely correlated with each other
although the widths of the distributions of primitive paths from
the two methods are quite different.17

With the primitive paths identified for each simulation, we
return to the uncooled system and measure the excursion,r, of
a bead from this primitive path by finding the minimum distance
of the bead from its corresponding position on the primitive
path. For an end bead (bead 1), the corresponding position on
the primitive path is identical to its own position since the end
beads are frozen. For the next bead (bead 2), the point of
projection is taken to be the point on the primitive path closest
to bead 2, as long as this point of projection is “close” to the
point of projection of the previous bead, bead 1 in this case.
To define what is meant by “close”, we note that the primitive
path is given by the positions of the beads of the chain after
they have been relocated by the cooling procedure. Our measure
of “closeness” is that the projected location of the second bead
must not be more than 20 beads distant from the projection of
the first bead along the primitive path. (There is little sensitivity

Figure 2. Mean-square monomer displacement relative to the center
of mass of the semiflexible chain,g2(t), for chain lengths of 150 (O)
and 300 (b).
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to this choice for the measures of proximity ranging from 10 to
40 beads.) This exclusion is intended to reject projections onto
distant parts of the primitive path that happen to be spatially
close because of a loop in the primitive path contour. Continuing
this process, we can find the projection of each bead to its closest
position along the primitive path and the instantaneous distance
of the excursion of that bead from its projected position.

The effective “radius” of a tube,rT, is estimated by the
excursion distance normal to the primitive path within which
the beads are found a given percentage of the time. To minimize
the end effects introduced by fixing the ends, only the internal
210 beads are considered when computingrT. Figure 5 shows
the evolution of the tube “radius” at four cutoff percentages:
60%, 70%, 80%, and 90%. The radii estimated from PPE
coordinates are generally larger than those from PPL coordi-
nates, indicating that the PPL is generally closer to the centerline
of the confining tube. The radius at 90% bead probability is
nearly twice as large as that at 60%, whose radius is very close
to the radius predicted by Pu¨tz et al. using their estimate ofN′e
at timeτe. Nonetheless, they all show a slow expansion of radius
by about 9.5( 0.9% over a time period of 100τe, regardless of
the cutoff percentage. Hereτe ) 1420 is determined6 from the
transition point from the power law fromg2(t) ∝ t1/2 to g2(t) ∝
t1/4, which givesN′e ) 32.

The probability density functions, at five different times, of
finding a bead at a distancer/σ from the primitive path,P(r/σ),
are plotted in the inset of Figure 6. SinceP(r/σ) peaks atr/σ )
0, Figure 6 indicates that the primitive paths obtained from the
cooling methods do represent, on average, the most likely
configurations subject to the topological constraints. In addition,
after freezing the end positions, the probability of finding a bead
at a distance withinr/σ of the primitive path progressively
decreases as time increases. Larger excursions from the primitive
path occur as DTS proceeds, indicating that the effective tube
radius is increasing. The tube confining potential,U(r/σ) )
-kBT ln P(r/σ), is also shown in Figure 6. A quadratic potential
is obtained at all times for excursionsr/σ e 5, corresponding
to a Gaussian distribution. At large excursions, however, the
confining potential is nonquadratic and softens as time progresses.
These features are not sensitive to the particular method used
in finding the primitive paths, as seen by comparing Figure 6a
with Figure 6b.

The softening of the potential arises in part from a new type
of constraint release event, which differs from the constraint
releases due to reptation and primitive path fluctuations, both
of which require motion of chain ends. Although in our
simulations chain ends are frozen, constraint release can still
occur via “end looping” constraint release (ELCR) shown in
Figure 7. A polymer chain (gray) can disentangle itself from a
neighboring chain (black) by hopping an internal portion of itself
over one end of the neighboring chain through Rouse motion.
ELCR is expected to be relatively fast if a chain end is near the
entanglement point but very rare if the chain end is distant.
Nevertheless, given enough time, the central portion of a chain
with fixed ends can form an extended hernia which might pass
over a chain end, thus escaping an entanglement interaction or
creating a new one. ELCR might be too slow relative to other
constraint-release events in chains with free ends to be a
significant relaxation mechanism in real melts. Still, this type
of motion illustrates why no entanglement in a melt of chains
with no rings is truly permanent, even when all chain ends are
fixed. Only ring polymers are capable of forming mathematically
rigorous topological “knots” with neighboring chains that
permanently prevent chain crossing. For linear or branched
polymers with no closed loops, entanglements are thus inherently
time dependent, and the usefulness of the “tube” concept
depends on the relative slowness of the increase of tube diameter
due to constraint release processes relative to the rate of which

Figure 3. Direct visualization of a confining tube of a flexible chain. Black lines are primitive paths from energy minimization, and white lines
are primitive paths from length minimization. The contour plots are isosurfaces of sampling bead densities.

Figure 4. Correlation of primitive paths from energy minimization
and length minimization as a function of contour length along the
primitive paths of flexible chains.
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the tube is escaped by reptation or primitive path fluctuations.
Constraint release by end looping is slowed by the relative

unlikelihood of extended hernias that pass over chain ends. Such
extended hernias are also important in “primitive path fluctua-
tions”, in which a chain end migrates deeply within a tube by
extending out lateral unentangled hernias. End looping requires
that these hernias be directed along an entangling chain so that
they may pass over its end. The high unlikelihood of long,
directed hernias is expected to produce a steep repulsive entropic

potential that greatly slows down such motions after all shallow
end-looping has occurred. Hence, for linear chains, end looping
likely contributes significantly to tube widening only at relatively
early times, if at all. For star polymers, or for more complex
multiply branched polymers, end looping might contribute to
constraint release even at long times, but this is yet to be
demonstrated. We can estimate the entropic penalty for creating
a hernia containingNloop monomers that extends a contour
distances from an entanglement point asSloop/kBT ≈ Nloop/Ne

Figure 5. Evolution of tube radius of flexible chains. Primitive paths are obtained through minimizing (a) energy and (b) length.

Figure 6. Tube confining potential of flexible chains at different times. Primitive paths are obtained through minimizing (a) energy and (b) length.

Figure 7. An end-looping constraint release event, plotted using AtomEye. The gray chain can hop over one end of the black chain during direct
tube sampling, when chain ends are fixed.
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+ s2/Nloopb2, where the first term is the entropy of sequestering
Nloop monomers into an unentangled loop and the second term
is the Gaussion entropy of stretching that loop around the other
primitive path. Choosing the value ofNloop that minimizes this
entropy yieldsNloop ≈ Ne

1/2s/b and an entropy ofSloop/kBT ≈
2s/a ) 2êZ, wherea ) Ne

1/2 is the tube diameter andê ) s/Za
is the fractional distance the loop must extend along the
entangling chain’s primitive path to reach the chain end. This
linear potential exceeds the quadratic potential governing
primitive path fluctuations for small distancesê but becomes
comparable to it forê near unity.

The soft tube-confining potential, further softened by end-
looping constraint release, may help us understand several
discrepancies between predictions of the original tube theory
and results from simulations or experiments.N′e found fromτe

at the crossover ofg2(t) from t1/2 to t1/4 behavior is smaller (by
a factor of 2) than the valueN′′e ≈ Ne

P obtained from the Rouse
time because a polymer chain continues to explore larger
distances from the primitive path as diffusion proceeds. This is
probably also the reason for the broad and gradual transition
from one power-law scaling to another ing2(t).

VI. Summary

In summary, we have calculated the confining tube potential,
the monomer diffusivity, and the shear relaxation modulus,G(t),
in MD simulations of flexible and semiflexible polymer melts.
A dramatic slowdown in the decay ofG(t) is found after the
initial Rouse relaxation, which indicates a strong entanglement
confinement effect in the dynamics of the polymer chains.
However, no clear-cut plateau was found inG(t) even for a
chain of ZP ) N/Ne

P ) 8.7 entanglements, consistent with
experimental data for polystyrene melts with 8.49 entanglements
per chain. This arises in part because polymer chains of these
lengths effectively experience a dilating tube as the chain
gradually explores larger and larger distances from the primitive
path. Our MD simulations of semiflexible linear polymers also
capture three power-law scaling regimes of monomer diffusion
predicted by tube theory. In agreement with the results forG(t),
the monomer diffusivity indicates that the diameter of the
effective confining tube expands with time, indicating that a
single value for the monomer spacing between entanglements
does not apply over the time range fromτe to τR.

The expanding tube is the result of the soft confining potential
and constraint release that, surprisingly, can occur even for fixed
chain ends, which weakens the confining potential at longer
times. A new constraint release mechanism, end looping, which
does not require movement of chain ends, is also discovered in
this work. In conclusion, our finding that the tube expands with
time explains the discrepancy between the small values ofNe

obtained from measurements of short-time relaxation phenom-
ena, such as the early-time crossover ofg2(t) at τe, and larger
values ofNe obtained at times a which the plateau modulus is
measured.
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